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Abstract 

We study affine immersions as introduced by Nomizu and Pinkall. 
We classify those affine immersions of a surface in which are degen- 
erate and have vanishing cubic form (i.e. parallel second fundamental 
form). This completes the classification of parallel surfaces of which 
the first results were obtained in the beginning of this century by 
Blaschke and his collaborators. 

Subject class: 53A15 
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1 Introduction 

We consider the standard affine space equipped with its standard connec- 
tion D. Let M" be a manifold equipped with a torsion free affine connection 
V and let x : (M"',V) (R"^,D), m > n be an immersion. Following 
Nomizu-Pinkall 87| , we call x an affine immersion if there exists a transver- 



sal (m — n) -dimensional bundle a such that 

Dxx,{Y)-x,{VxY) ea, (1) 

for all vector fields X and Y which are tangent to M". It is immediately 
clear that if we equip with a semi-Riemannian metric and take for a 
the normal bundle, then isometric immersions provide examples of affine 
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immersions. Also the equiafiine immersions, in the sense of Blaschke for 
hypersurfaces, and in the sense of ||Weise 37| or ||Nomizu-Vrancken 93|| for 



higher codimensions provide examples of afiine immersions. 

For an affine immersion it is possible to introduce a bilinear form /i, called 
the second fundamental form, which takes values in the tranversal bundle a 
by 

h{X, Y) = Dxx.iY) - x.iyxY) G a. (2) 

Since V is a torsion free affine connection, h is symmetric in X and Y . 
Let ^ be a vector field which takes values in a. Similarly, as for isometric 
immersions, we can now introduce a normal connection V"*" and Weingarten 
operators by decomposing Dxi into a tangential part and a part in the 
direction of cr, i.e. we have the Weingarten formula which states that 

Dxi = -xM^X) + Vii. (3) 

Using the Weingarten formula, it is now possible to define the covariant 
derivative V/i of the second fundamental form h by 

{Vxh) (F, Z) = Vi/i(r, Z) - h{VxY, Z) - h{Y, VxZ). (4) 

Affine immersions for which Vh vanishes identically are called parallel immer- 
sions. In Riemannian geometry, these immersions and their generalisations 
have been studied by many people, an overview can be found in ||Lumiste 00 



A general classification of the Euclidean parallel submanifolds was obtained 
Ferus~T3[. As far as we know it is still an open problem to classify the 



m 



semi-Euclidean parallel submanifolds. 

In this paper we will focus on surfaces, i. e. the dimension of equals 
two. All results will be local and valid on a suitable open dense subset of M^. 
We say that an affine immersion is linearly full provided that for every point 
p of and for every neighborhood U of p, x{U) is not contained in a lower 
dimensional affine subspace of M". Using Lemma 2 of ||Vrancken 99|| which 



says that a = imh if a parallel affine immersion is linearly full, it follows 
easily that a parallel surface immersion which is linearly full has to be in M^, 
R^, M'^ or M^. The first case (m = 2) clearly implies that is an affine 
plane. In the other nondegeneracy condition can be introduced as 

follows. Let u = {Xi,X2} be a local basis in a neighborhood of a point p. 
Then we define for m = 3: 

K{X,Y) = det{X^,X2,DxY), (5) 

and for m = 4: 

K{X, Y) = \ (det(Xi, X2, Dx,X, Dx,Y) + det(Xi, X2, DxX Dx,X)) . 

(6) 
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It is well known that in both cases the rank of hu is independent of the 
choice of the local basis u. We call nondegenerate if the rank equals 2, 
1-degenerate if it equals 1 and 0-degenerate if it equals 0. A surface in is 
called nondegenerate if det(Xi, X2, Dx^Xi, DX1X2, DX2X2) 7^ 0, which again 
is independent of the choice of basis u. Using Lemma 2 of ||Vrancken 99|| 
again, we see that a linearly full affine immersion of in is always 
nondegenerate. 

Nondegenerate parallel immersions of a surface in M^, M'' and are 
considered in respectively [[Nomizu-Pinkall 87|] , ||Nomizu-Vrancken 93|] and 



Magid-Vrancken 01|| . Therefore, restricting to an open and dense subset 
if necessary, only the degenerate cases still need considering. If is con- 



tained in M^, a solution was found in [ Dillen- Vr ancken ] . This leaves only 



the case that is linearly full in and degenerate. If is 0-degenerate 
and parallel, the immersion can not be linearly full. Thus we are left with 
the 1-degenerate parallel surfaces which are linearly full in M^. We prove the 
following: 

Theorem. Every 1-degenerate parallel affine surface immersion (x, a) in 
is a ruled surface and can he locally parametrized either by 

1.1. v) = 7'(m) + V'y{u), and 

a = span(^i,^2) is given by (|^) and (|^), or 

1.2. x{u, v) = {e'y{u) + '~i"{u)) + vy'^u), e = ±1, and 
a = span(^i,^2) is given by (^) and (^), 

II. x{u, v) = a{u) + vl3{u), 13" = —(3, and 
(7 = span(^i,^2) is given by (|^) and (pO|). 

The paper is organized in two parts. In Section ^ we apply the method of 
moving frames due to E. Cartan to an affine immersion of in Mf^. We in- 
troduce the affine semiconformal structure (cp. which was known already 
to [ [Burstin-lVlayer 27[] . We end up with a classification of affine surfaces in 



with respect to the (non) degeneracy- type of the affine semiconformal struc- 
ture and normal forms of the second fundamental form h for each type. This 
part is closely related to [ Scharlach 94 ] and [[Scharlach 95 



In Section ^ we restrict to 1-degenerate parallel affine immersions of 
in M^. It turns out that they are ruled surfaces (Lemma 0) and therefore can 
be parametrized as x{u,v) = a{u) + vP{u). We find special frames which 
simplify the structure equations significantly. A reparametrization finally 
leads to our main result. 

We will use the Euler summation convention. 
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2 Classification of surfaces in with respect 
to their affine semiconformal structure 

2.1 The affine frame bundle on 

We define a frame on M*^ to be an ordered set 

V2 
\V4j 

Let F denote the set of all frames on and tt : F — > the projec- 
tion map, defined by: 7i{Sb) — b. Let Aff(R^) be the Lie group of affine 
transformations on R^, 



Sb ^ {vi,V2,V3,V4;b}, with 



e 6-/(4, R), 6 e 



Aff(R^) 



A 





b 





: A e 6/(4, R), 6 e 



Obviously we can identify F with Aff(R'^). The local structure of Aff(R^) 
is encoded in the Lie algebra-valued Maurer-Cartan form zu\s = dSS~^ e 
aff(R^), we use the notation: 



d 



V2 



M 





n 






V2 



M e M(4 X 4,R),n e 



(7) 



If we let Aff (R^) act both on F and {{b, 1) e R^ : 6 G M^} = R^ by right 
multiplication Rs, Rs{C) = CS, then tt o Rg = Rg o tt. To obtain the fibers 
of the bundle := vr: F ^ R^, note that T:{Sb) = (0,0,0,0, l)Sb, and the 
isotropy group of (0, 0, 0, 0, 1) is 



H 



A 











C Aff(R^). 



We can identify the homogeneous space Aff(R^)/i/ = R^ and obtain that 
is a principal (right) if-bundle, the affine frame bundle on R'^. 



2.2 Adaption of the affine frame bundle to an affine 
surface immersion 

Let U he a. connected open subset of a two-dimensional oriented manifold 
equipped with a torsion free affine connection V and let x: {U,V) — * (R^, D) 
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be a smooth affine immersion with transversal bundle o (cp. Sec. |1|). We want 
to adapt the affine frame bundle to the surface by restricting the base mani- 
fold to x{U\ We define the principal (right) //-bundle = vr^/ : F° ^ f/ as 
the bundle over f/ induced by x and the affine frame bundle (cp. [^pivak 79| , 
vol. V, p. 391f.] for the notion of an induced bundle), i. e. = x*T. 
For the further adaption we take into account the given transversal bundle 
cr and we use the first order information given by the tangent bundle of x. 
We call a frame S'^j G F° a first order frame if span(t>i, t>2) = x*(TuM) and 
span(f3, ^4) = a. We denote the set of all ffist order frames on f/ by C 
and use the notation = {f 1, f2, ^1, ^2, 3;(m)} G F^. The subgroup 



p 











Q 








: detP ^0} C H, 



acts transitively and effectively on F^. Thus we get a subbundle JF^ of J-"", 
J-"^ = 7iu : F^ —>■ U, where we use the same notation for the restriction 
of TTu to F^. Obviously J-'^ is a principal (right) i/^-bundle, the reduced 
bundle obtained by reduction of the structure group H of to (cp. 
Kobayashi-Nomizu 69| , vol. I, pg. 53]). Since the ffist two legs vi and V2 of 
a frame Su G F^ span the tangent space x^,(T„M), we get two zero's in the 
last row of the Maurer-Cartan form iu\s^ on F^ {zu^ = 0, izrj = 0) and the 
forms zul and g7| drop down to U (cp. |^). We use the notation: 























t) 




d 






T 



















\x J 








\x ] 



(9) 



For a fixed ffist order frame field (a smooth cross section of JF^) S = 
{fJi,'V2, ^1,^2, x}, Vi = dx{Xi), Xi G r(TM), the entries of the Maurer-Cartan 
form define (resp. correspond to) the following quantities (1 < i,j,k < 2, 
3<a<4) (cp. (i, (i and (|)): 



/i"(X„X,) 
-dx{A^^{X,)) 



ip';{x,)dx{Xk) 

aUX,)dx{Xk) 



induced connection (10) 

second fundamental forms (11) 

Weingarten operators (12) 

normal connection (13) 



It is straightforward to show that V"*" is a torsion-free affine connection, 
and are symmetric bilinear forms and A^-^ and A^^ ^''^^ 1"! tensor fields. 
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2.3 The affine semiconformal structure 



To find the invariants (quantities independent of tlie clioice of frame) we 
can compute the (infinitesimal) group action (change of frames) either on 
the Lie group level or on the Lie algebra level (cp. [[Gardner 89|| ) for the 
general theory, jScharlach 94|| for the centroaffine case). Since the group 
of centroaffine transformations is a subgroup of the affine group, the affine 
invariants are part of the centroaffine ones. A description in detail can be 
found in [ [Scharlach 95|| . We only will need the action on ip resp. the second 
fundamental forms and h'^. Let Su,Su G F^, then there exists B G 
such that Su = BSu (cp. (H)). For the Maurer Cartan form we get: 



wisB = dSS-'B = d{BS){BS)-'B = dB + BdSS'' = dB + Bw 



\s- 



An evaluation of this equation and ipl 





f P 








hfjU^ gives for i? = 





Q 




V 





(14) 



For a frame Su = {vi, V2, C,i,^2, u} G we define a symmetric]^ bilinear form 
on F^ by: 

= det^ = ^/'i3 0^/'^-^/'^0^/>f, (16) 



1. e. 



0(X,F) 



for some 



1 / [vi,V2,Dxdx{Xi),DYdx{X2)] + [vi,V2,Dxdx{Yi),Dxdx(X2)]) 

2 \ ['«i,'y2,?i,^2] 

determinant form [ ] on (cp. (^)). We can use ( [14|) to determine how 
varies along the fibers of JF^: 



detV- = (detP)(detV!)(detQ-^; 



detP- 
detQ*^ 



Now a semiconformal structure compatible with a quadratic form q is de- 
fined as the set {rq : r G M\{0}} and it makes sense to talk about a semi- 
conformal structure being nondegenerate, definite, etc. (cp. [[Weiner 94] , p. 
4]). The quadratic form associated to induces a semiconformal structure 
on the tangent space at each point of U. This structure on U is called 
the affine semiconformal structure induced by x and was known already to 

^We denote by © the symmetric product of 1-forms: uj rj{X,Y) = i(tj(X)r7(y) + 
u(Y)i^{X)). 
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[Burst in- Mayer 27| , p. 375]. Depending on the affine semiconformal struc- 
ture we will call a surface x{U) a nondegenerate, definite, indefinite or 1- 
degenerate surface if the induced affine semiconformal structure is nonde- 
generate, definite, indefinite or 1-degenerate. A 0-degenerate surface is a 
surface x{U) for which the affine semiconformal structure contains only the 
zero form. 



2.4 Normalization of i/j and classification 

We saw that a change of frames induces an action of on Sym{2)xSym{2) 
(cp. (|15D), where Sym{2) denotes the algebra of all symmetric 2x2-matrices: 

p(5)(/^^ h') = iP[iQ-')ih' + iQ-'yx] ^p, p[{Q-')ih' + [Q-'W] ^p). 

Note that the action can be written as the composition of two actions of 
the form: 

Pi{P){h\h^) = {Ph'^P,Ph^^P), (17) 
p,{Q){h\ h') = {{Q-')lh^ + {Q-')lh\ {Q-')lh' + {Q-')lh'), (18) 



namely: 



p 











Q 








Pi{P)op^{Q). (19) 



We want to choose normal forms (representatives of the orbits) in Sym{2)x 
Sym{2) under the action of given by ([T9|). Since the centroaffine situation 
is very close to the affine one, we will omit some details. A more comprehen- 
sive description can be found in [^charlach 95|| (Section 4.1, 4.2). As we just 
saw the action splits in two parts where spa.n{h^ , h'^) is an invariant of the 
second part (p^S]). Therefore we want to investigate the orbits of two-pencilsQ 
under the ffist part ( |17|) of the action. A ffist step is to understand the action 
on a single element h G Sym{2). 

If we restrict pi to Sl(2,'R), we can define an invariant quadratic form q 
in Sym{2) by 

q{h) = - det h. (20) 

Then Sym{2) with the associated scalar product is isometric to the Minkowski 
3-space (see figure |l|, for notations cp. [P'Neill 83|] ). This is easy to see if 
we choose 



^The span of two symmetric bilinear forms is called a two-pencil. 
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h spacelike 
h timelike 
h lightlike 



det /i< ^ 
det /i > ^ 
det /i = ^ 

Figure 1: {Sym{2),q) 



h indefinite, 
h definite, 
h degenerate. 



as a basis of Sym{2). Then we get for every h = aEQ + bEi + cE2 
G Sym{2): q{h) = - det /i = -{o? - 6^ - c^) = -a^ + 6^ + c^. 
Under this identification pi defines a representation of Sl{2, R) 



/ a+6 c \ 
\ c a— b / 



on . 



The 



invariance of g means that pi(-P) is a linear isometry of Mf, i. e. pi : 5'/(2, M) 
Oi(3). This map is neither 1:1 (pi(-P) = pi(— P)) nor onto (5'/(2, 
nected, Oi(3) has four components). However, pi : PG/+(2,]R) ^ \ 
is an isomorphism: 



j IS con- 

-0++(3) 



Theorem ( [[Scharlach 95|] , Thm. 3). Let Oj'"''(3) he the group of all time- 

and space- orientation preserving isometries of M-l and PGl~^{2,'R) = Gl~^{2,'R)/{±Id}, 

G/+(2,M) = {P e G/(2,R) : detP>0}. Identify Rf and Sym{2) by 

^ ^ Then pi: PG'/+(2,M) ^ R+0^+(3) = {rQ : 



fa, 6, c) ... , 
c a — 

r G M+, Q G 0++(3)}, de/ine(^ 6?/ pi(P)A 



PA^P, is a (Lie group) isomor- 



phism. 



Hence we know that PG'/+(2,R) acts on an element {^fa-h) ^ Sym{2) 
in the same way as R+0j'"^(3) acts on an element '^(a, 6, c) G R^ The later 
action is well understood. O^^i?)) acts transitively on (ordered) orthonormal 
bases which have the same time- and space-orientation. Thus it acts also 
transitively on two-dimensional space-, time- or lightlike subspaces. 

Two-pencils are either space-, time- or lightlike subspaces, either two- 
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dimensional or one-dimensional or just the origin, where dimension and type 
are invariant under pi. Normal forms for the lower dimensional cases are 
obvious | |Greub 67| , p. 251]. In the two-dimensional case we can choose the 
following normal forms (cp. (pl|)): 



I. 
II. 
III. 



span(/i^, /i"^) spacelike: 
span{h^,h'^) lightlike: 
span^h^, h'^) timelike: 



span(Ei,E2), 

span(E2,|(^o + ^^i)), 
span(£;o, El). 



Finally we can still use the second part p2 (p^ ) of the action p (|19|) to 
map and h"^ to the suitable basis vectors. 

Summarized we obtain the following classes of surfaces in M^: 





span(/i^, h'^) 





normal form 


I. 


spacelike plane 


definite 


(El, E2) 


II. 


lightlike plane 


1-degenerate 


{E2,\{Eo + Ei)) 


III. 


timelike plane 


indefinite 


(Eq, El) 


IV. (a) 


spacelike line 


0-degenerate 


{Ei,0) 


(b) 


light like line 


{l{Eo + Ei),0) 


(c) 


timelike line 


{Eo,0) 


(d) 


(0,0) 


(0,0) 



3 1-degenerate parallel surfaces in 

In the following only 1-degenerate surfaces in will be considered since only 
for this class the parallel surfaces are yet not classified (cp. Sec. [1|). 



3.1 Second order frames 

As we have seen before for a 1-degenerate surface (Typ II) in there exists 
a frame S e such that = E2 = {%) and h'^ = \Ieq + Ei) = ( J g ) resp. 
ip = ( ^1 ) • We call such a frame a second order frame and denote the set 
of all second order frames on f/ by G F^ . We can determine the subgroup 
C H^, which acts transitively and effectively on F^, by calculating which 
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changes of frames leave the special form of ip invariant, and we obtain: 





/■ 


/ a b 

c 








H"^ = < 







ac 






2ab 








V 





1 



: ac 7^ 



(22) 



We have constructed a subbundle JF^ of JF^, JF^ = ttj/ : — > f/, which 
is a principal (right) if^-bundle, the reduced bundle obtained by reduction 
of the structure group if^ of to H'^ . We use the notation 5* G JF^ for a 
second order frame field. The structure equations have the form (cp. (|^)): 



d 



a 



UJ 









3.2 Parallel surfaces 



0/ 



(23) 



An affine surface with transversal bundle a is called 'parallel if the second 
fundamental form h = h^^i + h^^2 is parallel (cp. Sec. |T]), i. e. 



Vh = 0. 



(24) 



By definition (Vh = C^^i + C'^C,2, cp. ||Nomizu-Vrancken 93|| ) this is equiv- 
alent to the vanishing of the cubic forms. In the following we will use the 
abbreviation: y^^j = (y9^(Xj). 

Lemma 1. // (x, a) is a 1-degenerate parallel surface in . 
a second order frame field: 



then we get for 



0, 



V22 



0, 



vi,ei = (</'n + ¥'2i)ei, 
vi,ei = (</'}2 + ¥'22)ei, 

Vi6 = 2<^?i6 + 2<^}ie2, 

Vi^6 = 2<^?26 + M2^2. 



Proof. This is a direct consequence of 
and hn = ^2 {hij := h{Xi,Xj)). 



usmg 



and h 



22 



0, h 



12 



(25) 
(26) 
(27) 
(28) 
(29) 

□ 



Lemma 2. ^4 1-degenerate parallel surface in M.'^ is a ruled surface. 
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Proof. Dx,dx{X2) = dx{Vx,X2) + = VI2X2. 



□ 



Remark. Every ruled surface x{u,v) = a{u) + v(3{u) in is fc-degenerate 
(A: €{0,1}). 

3.3 Further adaption of the frame and the parametriza- 
tion 

We know by now that a 1-degenerate parallel surface in M'^ is a ruled surface 
where X2 gives the direction of the ruling. To simplify the computations we 
would like to find a second order frame field such that Vx2-^2 = and such 
that {Xi,X2} is a Gauss-basis (i. e. = [Xi,X2]). 

Lemma 3. For a 1-degenerate parallel surface (x, a) in there exist a frame 
field S = {f 1, f2, ^1, ^2, a^} € JF^ and local coordinates {u,v) such that Vi = 
dx{^), V2 = dx{^) and D_a_dx{^) = 0. Furthermore we can parametrize 
the surface by x{u,v) = a{u) + v[3{u). 

Proof. If S*, S* G JF^ and Vi = dx{Xi) resp. Vi = dx{Xi), then there exists 
AeH^ with Xi = aXi + 6X2, X2 = 0X2 and ac ^ (cp. (H)). Thus 

X2(lnc) = -^922 

fX2(lna) = -Lp\2, 

\Xi(lnc) + ^X2(lnc) - 1X2(6) = ^^2 " vl- 

□ 

We call a frame field S = {dx{-^), (ix(^), ^1, ^2, x} G with Da_dx{-^) = 
0, where (m, f) are local coordinates, an adapted frame field. Let f) = 
a{u) +v[3{u) be a local parametrization of a 1-degenerate parallel surface in 

and S = {a' + vP', j3, ^1,^2, x} an adapted frame field. (For a function 
f{u) we write /' = ^/.) By Lemma |I]and Lemma |^ the structure equations 



= V;^^X2 



= [Xi,X2 
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have the following form: 



a" + vl3" 



D a_dx{-—) 

an ^du 

d 

Da_dx(—) 

dv ^du 

dv ^Qy' 

Dei, 

ou 



0, 



d 



dv (ju 



Dei, 

OU 



Dai2 



d 



(30) 

+6, (31) 

(32) 

+ (¥'n + </'2i)ei, (33) 

(34) 

+2(^?iei + 2y^li6, (35) 
+2^U,. (36) 



From ( piD we get that ii = 13' — (pliP- Inserted in ( PBj ) this gives that 
/3" — {(p\i + 2(p\^(3' must be tangential. Since dx{^), dx{-^) and are 
linear independent, P",a',P' and P must be linear dependent. We get two 
cases: 



I. a'iu) = h{u)p{u) + k2{u)(3'{u) + h{u)(3"{u), 
II. /3" G span(/?,/?')- 



(37) 
(38) 



I. We assume that ( pT)) is true. We will investigate if it is possible to 
reparametrize the surface such that a' = 13" . If we have coordinates {u.,v) G 
U and a parametrization x{u^ v) = a{u) + v(3{u), then we can reparametrize 
the surface by a local diffeomorphism (p: U — ^ f/, 4>{u,v) = {f{u),g{u) + 
vh{u)). We get x o 0(m, v) =: x{u, v) =: a{u) + vl3{u) with 



a{u) = a{f{u)) + g{u)~P{f{u)\ 
h{u)f{u) ^0 \/ueU. 



(39) 
(40) 
(41) 



Obviously the frame S = (a' + f /3, ^i, ^2) is an adapted frame iff S = 
(«' + -5/3', /3, ^1,^2) is an adapted frame. (If J0 is the Jacobi matrix of 0, then 



S = BS with B 
















c 


) 





Using (|37D resp. 



(ID and 




||), we obtain for the 
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difference (3" — a' tlie following expression: 

13" -a' = -hf3 - k^P' + (1 - h)l3" 

= {h" -g'- r~h)P + {2h'f + hf" - gf - f%)^' + {hifT - fhW'- 

(42) 

Thus A;3 = 1 iff A;3 o / = hf . Hence we can find a reparametrization sucli 
tliat = 1 (e. g. f = id, h = k^) and it stays constant equal one if we 
restrict to reparametrizations with h = jj, therefore 

^ - w- <^^' 

Now = iff ^2 o / = ~jf)2 ~ 9- Still we can find such a reparametrization 

(e. g. / = id, —k2 = g) and k2 stays constant equal zero if we restrict to 
reparametrizations with 

9 = - = h'. (44) 



Finally ki = iS k^ o f = jj{h" -g')=Q (by 

Since our investigations are of local nature, we have to consider two sub- 
cases: either fci = or ki{u) ^ for all u E U. By (|4^) this is equivalent to 
either j3" = a' or P" = cx — (/')^(A;i o /)/?. In the second subcase we still can 
choose / such that {f'Y{ki o f) = ±1, thus we have either 

a' = (3" or a' = p"±p. 

Since x{u,v) = a{u) + v/3{u), we obtain by integration (and if necessary by 
an affine transformation applied to x) the following two subcases: 

1.1. x{u,v) = y^u) + vy^u) or 

1.2. x{u, v) = (±7(u) + 7"(m)) + vy'i^u). 

II. We assume that P"{u) G span(6e, 6e')(M) Vu. Therefore /3 is a plane 
curve, contained in the plane spanned by P{u) and P'{u) for some u. We can 
reparametrize the surface by a local diffeomorphism (p: U —>■ U, (j){u,v) = 
{f{u),vh{f{u))) (cp. the discussion in the first case) such that (3 is part of 
an ellipse in span(/9, /?') and, by applying an affine transformation, such that 
P{u) = (cosM, sinw, 0, 0), i. e. P" = — /3. We obtain 

II. x{u,v) = a{u) + vp{u), p" = -p. 
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To complete our investigations we need to compute for the three types 
of ruled surfaces the corresponding transversal bundle a. This can be done 
using the structure equations ( |50D - (PB]). The computations are lengthy but 
straightforward. We give only a short outline. 

I. Let 7 be a smooth function on an open subset of M such that G : = 
det(7,y,7",7"') ^ 0. We set 

L := In G and 7^^^ =: L'i" + 07" + 67' + C7. 

1. {x{u,v) = 7'('u) + V'-j{u)): If we compute the Gauss equations (pO|) and 
(|3T|) we obtain 

ei = 7' - ¥^217, (45) 
6 = 7"' + iv- V>nh" - - V>ul- (46) 

If we differentiate ^2 in direction of u and evaluate the Weingarten equation 
(|3|), we get: 

<^n = l(L' + v), vl, = ^{b-va + v\L' + v)). 
The Weingarten equation (^) for finally gives: 

2. (x(M,f) = {e-i{u)+i'{u))+vi{u), e = ±l): We obtain by (|0D and (|31]) 
that 

6 = 7" - Vl^l'. (47) 
i2 = {L' + v- <^}i)7"' +{a + e- v^\;)i' + (6 - e^l^ - (^^1)7' + 07. (48) 

If we differentiate ^2 in direction of u and evaluate the Weingarten equation 
(135|), we get: 

= ^((lnc + L)' + t;), 

<^2^ = -[h + a' -eV - (a + e)(lnc)' + t;(-L" + L'(lnc)'-a-2e) + t;2(lnc + L)' + t;^} . 
3 

The Weingarten equation (^) for ^,^1 finally gives: 
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II. Let a, (3 be smooth functions on an open subset of M such that D : = 
det(a",a',/3',/3) ^ 0. We set 

L=\nD and a'" = : L'a" + aa' + b(3' + c/3. 

If we compute the Gauss equations (|30D and (^) we obtain 

ei = - ^1,(3, (49) 
6 = «" - - ^y^li/?' - (t; + (50) 

If we differentiate ^2 in direction of u and evaluate the Weingarten equation 
(|35|) , we get: 

1 1 

(p\^ = -L\ i^l^ = -{h-va-v). 

The Weingarten equation (p^) for finally gives: 



1 



2 - --L'. 



6 

Theorem. Every 1-degenerate parallel affine surface immersion (x, a) in 
is a ruled surface and can he locally parametrized either by 

1.1. x{u, v) = 7'(m) + V'y{u), and 

(7 = span(^i,^2) is given by (|^) and (|^), or 

1.2. x{u, v) = (ej^u) + 7"(u)) + vy{u), e = ±1, and 
a = span(^i,^2) is given by (|3) and (^), 

II. x{u, v) = a{u) + vl3{u), 13" = —jS, and 
a = span(^i,^2) is given by (H^) and (CT). 



References 

[Burstin-Mayer 27] C. Burstin and W. Mayer, Die Geometrie zweifach ausgedehn- 
ter Mannigfaltigkeiten F2 im affinen Raum M^, Math Z. 27 (1927), 373-407. 

[Dillen-Vrancken 93] F. Dillen and L. Vrancken, Parallel hypersurfaces of affine 
spaces, Rend. Sem. Mat. Messina Ser. II 2(16) (1993), 71-80. 

[Ferus 74] D. Ferus, Immersions with parallel second fundamental form, Math 
Z. 140 (1974), 87-93. 

[Gardner 89] R. B. Gardner, The Method of Equivalence and Its Applications, 
CBMS-NSF Regional Conference Series in Applied Mathematics 58, Society 
for Industrial and Applied Mathematics, Philadelphia, PA, 1989. 



15 



[Greub 67] W. H. Greub, Linear Algebra, Springer- Verlag, Berlin, Heidelberg, 
1967. 

[Kobayashi-Nomizu 69] S. Kobayashi and K. Nomizu, Foundations of Differential 
Geometry, Vol. I and II, J. Wiley & Sons (Interscience publishers). New York, 
1969. 

[Lumiste 00] U. Lumiste, Submanifolds with parallel fundamental form, in: Hand- 
book of Differential Geometry, Vol. I, Elsevier, Amsterdam, 2000, 779-864. 

[Magid-Vrancken 01] M. Magid and L. Vranckcn, Affine surfaces in with zero 
cubic form, Differential Geom. Appl. 14(2) (2001), 125-136. 

[Nomizu-Pinkall 87] K. Nomizu and U. Pinkall, On the geometry of affine immer- 
sions. Math. Z. 140 (1987), 165-178. 

[Nomizu- Vrancken 93] K. Nomizu and L. Vranckcn, A New Equiaffine Theory for 
Surfaces in R'^, International J. Math. 4 (1993), 127-165. 

[O'Neill 83] B. O'Neill, Semi-Riemannian Geometry, Academic Press, Florida, 
1983. 

[Scharlach 94] Ch. Scharlach, Centroaffine Differentialgeometry of Surfaces mR^, 
Dissertation, Technische Universitat Berlin, 1994. 

[Scharlach 95] Ch. Scharlach, Centroaffine first order invariants of surf aces in R^, 
Results of Mathematics 27 (1995), 141-159. 

[Spivak 79] M. Spivak, A Gomprehensive Introduction to Differential Geometry, 
Vol. I-V, Publish or Perish, Houston, TX, 1979. 

[Vrancken 99] L. Vrancken, Parallel affine immersions with maximal codimension. 
Preprint 649/1999, Technische Universitat Berlin, 1999. 

[Weise 37] K. H. Wcisc, Der Beriihrungstensor zweier Fldchen und die Affinge- 
ometrie der Fp im An, (Teil I), Math. Z. 43 (1937). 

[Weiner 94] J. L. Weiner, Affine Differential Geometry of Surfaces in R^, Geom. 
Dedicata 53, No. 1 (1994), pp. 25 - 48. 

[Wiehe 02] M. Wiehc, A unimodularly invariant theory for immersions into the 
affine space. Math. Z., to appear. 



16 



